GLOBAL WELL-POSEDNESS OF THE KP-I INITIAL- VALUE 
PROBLEM IN THE ENERGY SPACE 

A. D. lONESCU, C. E. KENIG, AND D. TATARU 

Abstract. We prove that the KP-I initial- value problem 

dtu + dlu - d-^d^u + d^{u^/2) = on Rl^y x Mt; 
u{0) = 0, 

is globally well-posed in the energy space 

E1(R2) = {0 : M2 ^ R : ||0||ei(r2) « + + \\d-'dy^L2 < oo}. 
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1. Introduction 
In this paper we consider the KP-I initial-value problem 

idtu + dlu - d-^dlu + 9,(mV2) = 0; 
\w(O)=0, 

on M^^ X M^. The KP-I equation and the KP-II equation, in which the sign of 
the term d~^dyU in (11. ip is -|- instead of — , arise in physical contexts as models 
for the propagation of dispersive long waves with weak transverse effects. 

The first author was supported in part by an NSF grant and a Packard Fellowship. The 
second author was supported in part by an NSF grant. The third author was supported in part 
by an NSF grant. 
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The KP-II equation is well understood from the point of view of well-posedness: 
the KP-II initial- value problem is globally well-posed for suitable data in L^, on 
both and = x see [1], as well as in some spaces larger than L^, see 
jl8j and the references therein. 

On the other hand, it has been shown in |l4j that the KP-I initial-value problem 
is badly behaved with respect to Picard iterative methods in standard Sobolev 
spaces, since the flow map fails to be real-analytic at the origin in these spacesE 
On the positive side, it is known that the KP-I initial value problem is globally 
well-posed in the "second" energy spaces on both (see [T^, and also [15j and 
[16j) and (see as well as locally well-posed in larger spaces. These global 
well-posedness results rely on refined energy methods. In this paper we show that 
the KP-I initial-value problem is globally well-posed in the natural energy space 
of the equation. 

Let ^, fi and r denote the Fourier variables with respect to x, y and t respec- 
tively. For 0" = 1, 2, ... we define the Banach spaces E°" = E°"(M^), 

E- = {0:M2^M: ||0||e. = ||fe,/x)-p(e,/i)(l + |el)'^llL2 < oo}, (1.2) 
where (j) denotes the Fourier transform of and 

H 

lei + ieP 



p(e,/i) = l+ ,„ „ . (1.3) 



Clearly, 

+ leir = (1 + leir + i/^/ei ■ (1 + leir^ 

Let 

oo 

with the induced metric. We recall the KP-I conservation laws (see, for example, 
[15j for formal justifications): if ti < t2 G M m G C([ti, : E°°) is a solution of 
the equation dtu + d^u — d~^dyU + dx{u^/2) = on x (ti, t2) then 

E\u{h)) = E\u{t2)) and E\u{h)) = E\u{t2)), (1.4) 
where, for any G E-^, 

E°(0) = [ (P^dxdy, (1.5) 

and 

E\4>)= [ {dx(Pfdxdy+ [ {d^^ dy<pf dxdy - - [ cf^ dxdy. (1.6) 

JR2 JR2 3 J^2 



^Picard iterative methods can be applied, however, to produce local in time solutions for 
small low- regularity data in suitably weighted spaces, see 
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Consequently, if to G [^1,^2] and ||'u(to)||Ei < 1 then we have the uniform bound 

sup ||M(t)||Ei < ||?i(to)||Ei- (1-7) 

Our main theorem concerns global well-posedness of the KP-I initial- value prob- 
lem in the energy space E^. 

Theorem 1.1. (a) Assume G E°°. Then there is a unique global solution 

u = G C{R : E°°) 

of the initial-value problem f ll.ip . In addition, for any T G [0, 00) and any a G 
{1,2,...} 

sup||5°°(0)(t)||E^<C(T,a,||0||E.). (1.8) 

\t\<T 

(b) Assume T G M_|_. Then the mapping 

= 1[_T,T] W ■ : E°° ^ C{[-T, T] : E°^) 
extends uniquely to a continuous mapping 

: E^ -^C([-T,T] : E^), 

and 

E\u{t)) = E^{(t)) for any t G [-T, T] and j G {0, 1}. 

We remark that the global existence of smooth solutions stated in Theorem ll.il 
(a) is also new. The earlier global existence theorems of [11], [15], and \l6l rely 
of the conservation of the second energy, which requires the stronger momentum 
condition d~'^dy(f) G L^. Also, a simple additional argument shows that 01.81] can 
be improved to 

sup ||5°°(0)(t)||E^<C(T,a,||0||Ei)-||0||E- 

\t\<T 

We discuss now some of the ingredients in the proof of Theorem 1 1.1[ One might 
try a direct perturbative approach (which goes back to work on the KdV equation 
in ^, [3], [ID], and nonlinear wave equations in [13 ), based on the properties of 
solutions to the linear equation 

dtu + dlu - d-^dlu = /; 

.(0) = 0. ^'-'^ 

For some suitable spaces F^(T) and N^(T) one would like to prove a linear bound 
for solutions to ([13]) on x [-T, T], T G (0, 1], of the form 

\\uhHT)<U\y + \\f\\mT), (1.10) 

together with a matching nonlinear estimate 

||-9,.(«V2)||N.(r)<l|«|||.(^). (1.11) 
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Due to [13], it is known however that the inequahties f ll.lOp . (11.111) cannot hold 
for any choice of the spaces F^(T) and N^(T); this forces us to approach the 
problem in a less perturbative way. 

To prove Theorem ll.il (a) we define instead the normed spaces F^(T), N^(T), 



and the semi-normed space B^(T) and show that if m is a smooth solution of (II. ip 
on X [-T,T], T e (0, 1], then 



The inequalities (I1.12p and a simple continuity argument still suffice to control 
II'^IIfHt)) provided that ||0||ei ^ 1 (which can be arranged by rescaling). The 
first inequality in ( 11.12^ is the analogue of the linear estimate ( ll.lOp . and uses 
the linear equation (11.91) . The second inequality in (11.121) is the analogue of the 
bilinear estimate (11.111) . The last inequality in (11.121) is an energy-type estimate. 

To prove Theorem 11.11 (b) we need to exploit several special symmetries of the 
equation satisfied by the difference of two solutions. This difference equation has 
special symmetries for real- valued solutions in and in H~^. To exploit these 

symmetries, we define the normed spaces F , N , and the semi-normed space B , 
and prove a second set of linear, bilinear, and energy estimates, similar to (I1.12p . 
Then we adapt the Bona-Smith method [2] to prove the continuity of the fiow in 
the space E^. 

We explain now our strategy to define the main normed and semi-normed 
spaces. Ideally, one would like to use standard X*'*- type structures (as in P], 
[To]) for the spaces F^(T) and N^(T). For such spaces, however, the bilinear 
estimate ||9a;(Mf ) ||ni(t) ^ ||^||fi(t) ||'i^||Fi{T) cannot hold even for solutions u,v 
of the linear homogeneous equation. This bilinear estimate is only possible if 
we weaken significantly the contributions of the components of the functions u 
and V of high frequency and low modulation. To achieve this we still use X*'''- 
type structures for the spaces F^(T) and N^(T), but only on small, frequency 
dependent time intervals. A similar method was used recently in ^ and [T3j to 
prove a-priori bounds for the 1-d cubic nonlinear Schrodinger equation in negative 
Sobolev spaces. 

The second step is to define ||M||Bi(r) sufficiently large to be able to still prove 
the linear estimate ||M||Fi(r) ^ ||w||bi(t) + II ~ f^x(w^/2)||Ni{T)- Finally, we use 
frequency- localized energy estimates and the symmetries of the equation (ll.lll Rto 
prove the energy estimate HmUbi^j.) < II^IIei + II^IIfi{t)- These symmetries allow 
us to trade high frequencies for low frequencies in trilinear forms, improving the 

^The two main symmetries used at this stage are the fact that the sohition u is real-valued 
and the precise form of the nonlinearity ~dx{v? 




(1.12) 
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timescale from frequency dependent time intervals (as guaranteed by the bilinear 
estimates) to frequency independent time intervals. 

A new twist arises in the proof of part (b) of Theorem ll.li The symmetries 
of the difference equation are not as good as the symmetries of the nonlinear 
equation, which causes difficulties in the proofs of suitable energy estimates. The 
low frequency part of the solution turns out to be particularly harmful in the 
difference equation. To avoid this difficulty we define the normed spaces F , N , 
and the semi-normed space B , which have a special low-frequency structure. 

The rest of the paper is organized as follows: in section [2] we summarize most 
of the notation, define the main normed spaces, and prove some of their basic 
properties. In section [3] we state our main global linear, bilinear, and energy esti- 
mates. The proof of the bilinear estimate Proposition 13.31 depends on the dyadic 
bilinear estimates proved in sections [7] and [U the energy estimates Proposition 
13.41 and Proposition 13.61 are proved in section [61 In section H] we prove the main 
theorem, using the linear, bilinear, and energy estimates of section 121 In section 
El which is self-contained, we prove the bilinear estimates in Corollary 15. 3j 
these estimates are the main building blocks in all the dyadic estimates in 
sections [HI El and [HI The key technical ingredient is the scale-invariant estimate 
in Lemma [5.11 (a), which is also used in [6J. In section [61 we prove the energy 
estimates Proposition 13.41 and Proposition 13.61 Finally, in sections [71 and [H we 
prove the dyadic bihnear estimates used in Proposition 13.31 



2. Notation and definitions 

Let Z+ = Z n [0, oo). For A; G Z let 

4 = {e : \i\ e [(3/4) ■ 2^ (3/2) ■ 2^=]} and h = : \^\ E [2'^-\2'^']}. 

Let rjQ : [0, 1] denote an even smooth function supported in [—8/5, 8/5] and 
equal to 1 in [-5/4,5/4]. For A; e Z n [1, oo) let 7]k{0 = Voi^f^^) - Voi^/^'''^)- 
For keZ+ let r]<k = Et'=oVk'. For e Z let Xfc(0 = m{^/'2'') - For 
(^,/i) G M \ {0} X M let 

^(e,/i) = e' + /iVe. (2.1) 

For /c G Z we define the dyadic X'^'^-type normed spaces Xk = Xk{M.^), 

Xk = {f e L^(R^) : / is supported in 7^ x M x R and 

°° (2 2) 

\\f\\x, = Y,'^^/'\\vAr-^i^,f^))-f\\L^<oo}. ^ ■ ^ 

i=o 

We use an Besov-type norm with respect to modulations. Structures of this 
type were introduced, for instance, in [19j, and are useful in order to prevent high 
frequency losses in bilinear and trilinear estimates. 
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The definition shows easily that ii k E Z and fk G Xk then 

~ ll/fc||xfc- 



\m,fI,T')\dT' 

Moreover, if /c G Z, / G Z+, and fk G Xk then 

r7,(r-^(e,/x))- / |/,(^,/x,r')|-2-'(l + 2-'| 



(2.3) 



j=i+i 



T — T 



L2 



(2.4) 



L2 



then 



(2.5) 



In particular, if A; G Z, / G Z_|_, to ^ I^; /fc ^ -^fc? and 7 G 5(1 

||^[7(2'(t-to))--^-'(/.)]||x.< IIMU.. 

For A; G Z let A;+ = max(A;, 0), and let Pk denote the operator on L^(R'^) 
defined by the Fourier multiplier (^, fj,, r) 1/^(0- By a slight abuse of notation, 
we also let Pk denote the operator on L^(R^) defined by the Fourier multiplier 
(e,/i)^l4(0- For/GZlet 



P<i — E Pk-, 

k<l k>l 

With p as in fll.3p . for A; G Z define the frequency localized initial data spaces 

Ek = {<P:R'^R: H<P) = l/~ (0-^(0) and U\\e, = U ■ p{^, < 00}, 

(2.6) 



>i 



and 



<oo}. (2.7) 



Efc = {0 : ^ M : ^(0) = (0-^(0) and hv^,,^^ 
The corresponding frequency localized energy spaces for the solutions are 
Co(R : Ek) = {uk G C{R : Ek) : Uk is supported in x [-4,4]} 

Co{R : ^fc) = {uk G C(M : Ek) : Mfc is supported in x [-4,4]}. 

At frequency 2^ we will use the X^'^ structure given by the Xk norm, uniformly 
on the 2~^+ time scale. For A; G Z we define the normed spaces 

Fk ={uk G Co(R : Ek) : \\uk\\F, = sup |b(e,/x) ■ ^[^fc ■ ^o(2'+(t - 4))]||x, < 00}, 

(2.8) 

and 

Fk = {uk G Co(R : Ek) : \\uk\\F^ = sup ||^[Mfe ■ r/o(2'^+(t - tfc))]|U, < 00}. (2.9) 

tk£R 
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For k ^'Lvfe define the normed spaces = Cq{M. : Ek) and Nk = Co(M : Ek) (as 
vector spaces), which are used to measure the frequency 2'^ part of the nonlinear 
term, with norms 

WMIn, = sup /i)(r - cu(e, /i) + t2'+)-' ■ r[h ■ r^o{2'Ht " 4))]IU„ (2.10) 
and 

\Mn, = sup ||(r - a;(e, fi) + 22'=+)-^ ■ ^[/^ • r/o(2'=+(t - 4))]|U,. (2.11) 

The bounds we obtain for solutions of the KP-1 equation are on a fixed time 
interval, while the above function spaces are not. To remedy this, for any time 
T G (0, 1] we define the normed spaces 

Fk{T) = {uk e C{[-T,T] : Ek) : \\uk\\Fk{T) = ^ inf \\uk\\Fk < oo}; 

Uf^=ui^ in R^x[-T,T] 

NkiT) = {fk e C{[-T,T] : Ek) : \\uk\\Nk(T) = ^ inf \\uk\\Nk < oo}, 

fk=fk in R2x[-T,r] 

(2.12) 

where the infimum is taken over all extensions Uk G Co(M : Ek) of Uk- Similarly 
we define the normed spaces 

Ffc(T) = {uk G C([-r,T] : Ek) : WukWp^^T) = ^ .inf ^ llMfcb, < oo}; 

iv,(r) = {!k e c([-r,T] : Ek) WfkWN.m = . mf WMn, < oo}, 

(2.13) 

where the infimum is taken over all extensions Uk G Co(M : i^^) of Uk- 

So far we have defined the dyadic function spaces where we measure the solution 
u to (11.11) and the nonlinearity. We assemble these in a straightforward manner 
using a Littlewood-Paley decomposition to obtain the global function spaces for 
the solutions. In what follows we let a G Z+ and T G (0,1]. We define the 
Banach spaces for the initial data 

= {0 : m2 ^ M : = ||0 ■ p(e, yw)(l + I^D'^IL? < oo}, (2.14) 

and 

r = {0 : R2 ^ M : = 110 ■ (1 + |er^/«)(l + imiq^ < oo}. (2.15) 
Their intersections are denoted by 

CxD OO 

(T=l a=l 

For M G C([-T,T] : E°°), respectively n G C([-T,T] : E°°), we define 

\\n\\l.(^T) = \\P<oHO))\\l. + J2 sup 22-'^||P,(n(tfc))|||^, (2.16) 
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and 

lkll|^(T) = ll^<o(«(0))|||o + 5^ sup 2''^'\\P,iuih))r^ (2.17) 

Notice that the E and B (T) norms, which are used for the difference equation, 
have the added factor (1 + |^|~^^^). This gives extra decay at low frequencies, 
and is essential in our analysis. 

Finally, the X^'^- type control of the solutions, respectively the nonlinearity is 
achieved using the normed spaces 

F'^(T) = {ue C{[-T,T] : E^) : \\u\\l.^^^ = 2^^'^+ ||P,H ||^^(^) < oo}, 
N-(T) = {ue Ci[-T,T] : E^) : ||«||^.(^) =Y,'^''^'^\\Pk{u)\\%^^T) < 

(2.18) 

For the difference equation we use the normed spaces 

f\t) = {a G C([-T,T] : E~) : =^^(1 + 2-^^=/^) ||P,(n) ||1 < oo}, 

fcez 

N°(r) = {ue C{[-T,T] : E°°) : |kll^(^) = E(l + 2"''^') r^(«)llk(T) < 

(2.19) 

For any G Z we define the set 5*^ of k-acceptable time multiplication factors 

10 

Sk = {mk:R^R: ||mfc||5, = 2--'''=+||9-'mfc|Uoc < oo}. (2.20) 

j=0 

Direct estimates using the definitions and (12. 4p show that for any cr g Z+ and 
T G (0, 1] 

J2k&^kit) 

J^kez^kit) 

and 

J2kez^k{t) 
J2k&^kit) 
Y.k&^k{t) 



Pk{u)\ 


If'^(T) 


Pk{u)\ 


In'^{T) 


Pk{u)\ 


iB'^(r) 


Pk{u)\ 


If''(T) 


Pk{u)\ 


lN°(r) 


Pk{u)\ 





^ (suPfcezll^^fclUJ ■ Ih^llF-(T); 

^ (supfcgz W^kWsk) ■ IkllN-(T); (2.21) 



< (supfcgz ll^^fclUJ ■ llwlli^m; (2.22) 



lN"(T)' 
■ IkllBO(T)- 
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3. Global linear, bilinear and energy estimates 

In this section we state our main linear, bilinear and energy estimates. We 
show first that F'^(T) ^ C([-T,T] : E"^) for a G Z+, T G (0, 1]. 

Lemma 3.1. //ct G Z+, T e (0, 1], and u G F'^(T), then 

sup ||u(t)||E- < ||M||F-(r)- (3.1) 

Proof of Lemma \3.1\ In view of the definitions, it suffices to prove that if /c G Z, 
tk G [—1, 1], and Uk G then 

■ J^iuuituML. < ■ H^k ■ Vo{2'^{t - h))]\\x,. (3.2) 

Let /fc = J^[Mfe-r7o(2'=+(t-4))], so 

^[«fc(tfc)](e,/^) = C / fk{i,fl,T)e'''^^dT. 

Jr 

Thus, using (12. 3p . 

||p(^,/i) ■ J^[Mfc(tfc)]||i2 < ||p({,/i) ■ fkWljLl < lb(^,^) ■ fk\\x„ 

which gives (13.21) . □ 

We prove now a linear estimate. 
Proposition 3.2. Assume T G (0,1], m, G C([-T,T) : E°°) anc? 

+ d^u - d^^dlu = v onR^ X (-T, T). (3.3) 

('aj Then, for any o G Z+, 

lkl|F<'(T) ^ ||''^||b<'(T) + ||'i^||N<'(T)- (3.4) 

(h) Assume, in addition, that n(0) G anc? v G N^(T). T/ien m G f'^(T) and 

ll«llF°(r) ^ II«IIb«{t) + II^IIn°(t)- (3-5) 

Proof of Proposition \3.2[ In view of the definitions, it suffices to prove that if 
A; G Z and u, i; G C([-T, T] : Ek) solve then 

lin(n)||F,(T) < ||Pfe(«(0))|U, + ||^|U,(T) if < 0; 

(3.6) 

ll^fe(«)l|Ffc(T) < sup \\Pk{u{tk))\\E^ + \\v\\N^(T) k>l. 

tke[-T,T] 

Let -u G Co(M : i^^) denote an extension of v such that \\v\\n^ < C||i;||7Vfc(T)- Using 
([221]), we may assume that v is supported in x [-T - 2'^+-^^, T + 2'^+-^% 
fc G Z. For t G M let W{t) denote the solution at time t of the free KP-I evolution. 
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i.e. the operator on L^(M^) defined by the Fourier multipher e**'^{?'M). 
For t > T we define 

u{t) = r]o{2''++\t-T))\w{t-T)Pk{u{T))+ [ W{t - s){Pk{v{s))) ds . 

For t < —T we define 

u{t) = r/o(2'=++'(t + T)) \w{t + T)Pk{u{-T)) + f W{t - s){Pk{v{s))) ds . 

With u{t) = u(t) for t G [— T, T], it is clear that u G Co(M : -Efc) is an extension 
of u. Also, using ([Ml]), 

lkllF,{T)< sup |b(e,/i)-^[M-r/o(2*^+(t-4))]|U„ 

tfce[-T,r] 

where the supremum is taken over tk G [—T, T] . 

In view of the definitions and (12.211) . it suffices to prove that if /c G Z, 0^ G Ek, 
and Vk G A^a: then 

+ /i)(r - /i) + ^2^+)-^ ■ 
where ^ 

Uk{t) = W{t){<Pu)+ ! W{t-s){vk{s))ds. (3.8) 

It follows from (13.81) that 

T[nt . i,„(2'=*«)lK, ^, t) = JsK, ^) . 2->'*Wi-''*{T - '^K. (i))) 

We observe now that 

2-*^+77o(2-'=+(r - r')) - 2-^+rro(2-'+(r - a;(e,/i))) 



(r-^(e,/i) + ^2* 



< 2-'=+(l + 2-'=+|r - r'|)-4 + 2-'=+(l + 2-^+|r - /i)!)"', 
and the bound ([X7D follows from ([23D and ([231). Q 

We continue with our main bilinear estimates. 
Proposition 3.3. a) If a e {1,2,3}, T G [0,1), andu,v G F'^(T) then 

\\dx{uv)\\-s^<.(^T) < II^IIf-(t) ■ II^^IIfi(t) + ||^||fi{t) ■ II^^IIf-(t)- (3.9) 
b) IfT e (0, 1], u G F^(r) and v G F^{T) then 

\\dx{uv)\\j;f^^^ < \\uy,^^^ ■ ||t;||Fi(T)- (3.10) 
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Proof of Proposition \3. 3[ We fix extensions u,v & Co(M : E°°) of u,v sucli tliat 
\\Pk{u)\\F, ^ 2\\Pk{u)\\F^^T) and ||Pfc(?OllF, < 2\\Pk{v)\\F,iT), k eZ. Let Uk = 
Pk{u) and Vk = Pk{v), k G Z. It follows from Lemma I7.H Lemma 17.21 and 
Lemma 17.51 that 

2''^\\P,id,{u,,v,MN,<2-\'^y'2'^^^\\u^^^^^ 
if ki < k2 and \k2 - k\ < 40. 



(3.11) 



Also, it follows from Lemma [7.31 Lemma [7.41 and Lemma [7.51 that 
if \ki — < 4 and k < min(A;i, ^2) — 30. 

(3.12) 

The bound ([33]) follows from (KTlh and (Km . _ 

Consider now part (b) of the proposition. We fix extensions m G Co(M : E ) of 
uandv e C{R : E°°) of t; such that \\Pk{u)\\-p^ < 2\\Pk{u)\\p^^j.^ and \\Pk(y)\\F, < 
2\\Pk{v)\\F^(T), k G Z. Let Uk = Pkiu) and Vk = Pk{v), k G Z. It follows from 
Lemma [8.11 Lemma [8. 2 [ and Lemma [8.41 that 

{1 + 2-''/')\\Pkid,{uk,VkMN, < 2— ^^(I'^l'l'^^l'l'^^l)/^ 

(l + 2'^'=^/«)||^I,J|^^^-(l + 2^^)||t;,,||p,^ 
a \ki — k\ > 5. It follows from Lemma [8. 1[ Lemma [8.21 and Lemma [8.31 that 
(1 + 2-'''/')\\Pkid,iukM)\\N, < + 2-''^-^/')\\ukA\F,^ ■ (1 + 2'^)\Mf,, 

if \ki — k\ < 4. The proposition follows. □ 

The last ingredients in the proof of Theorem II. II are energy estimates. For part 
(a) we need the following: 

Proposition 3.4. Assume thatT G (0, 1] and u G C{[—T,T] : E°°) is a solution 
of the initial value problem 



dtu + dlu - d-^d^u + d^{u^/2) = on x [-T, T]; 
n(0) = (p. 

Then, for o G {1, 2, 3} uje have 



(3.13) 



IkllB-(T) ^ 110111- + IkllFi(T) ■ I|m||f-(T)- (3-14) 

The linearized equation lacks the full set of symmetries of the nonlinear equa- 
tion. Consequently, we have good estimates for it only at the l? level: 

Proposition 3.5. Assume T G (0, 1], u G F°(T) n F\T), v G F\T) and 

'dtU + dlu - d^^dlu + d^{uv) = on M2 X (-T,T); 

n(O)=0, ^'-''^ 
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Then 



u\\y,^<Ur^. + \\vh.iT)-\\u\\l, (3.16) 



Finally, to estimate differences of solutions in we need to differentiate the 
difference equation. To get bounds for this equation we need a stronger version 
of Proposition 13. 5[ 

Proposition 3.6. Assume T e (0,1], u G F°(r), u = P>_io(m), v G F\T), 
Wi,W2,W3 G F^(T) nFi(T), w[,w'^,w'3 e F°(T), h G F°, h = P<_^{h), and 

3 

dtu + dlu - d'^d^u = P>-io{v ■ d^u) + P>-io{wm ■ w'^) + P>_io(/i); 

m=l 

,n(O) = 0, 

(3.17) 

on R2 X {-T,T). Then 

3 

m=l 

(3.18) 

We observe that Proposition 13.51 follows from Proposition 13.61 let u' = P>_ioM 
and observe that, using (13.1 5p and the definitions 

II IIbO(j^) ~ II IIb"(T) IIV^IIeO' 

d^{uv) = V ■ d^u' + P>-iqV ■ d^P<^uu + u ■ d^v + P<-nV ■ d^P<^nu. 
We prove Proposition 13.41 and Proposition 13.61 in section El 

4. Proof of the main theorem 

In this section we use the linear, bilinear and energy estimates in the previous 
section to prove Theorem 11.11 Our starting point is a well-posedness result for 
more regular solutions: 

Proposition 4.1. Assume G E°°. Then there is T = T(||0||e3) G (0, 1] and a 
unique solution u = S^{(f)) G C{[—T,T] : E°°) of the initial value problem 

'dtU + dlu - d-^dlu + d^{u^/2) = on x (-T, T); 
«(O) = 0. ^'-'^ 

In addition, for any a > 3 

sup ||M(t)||E- < C((T, ||0||e-, sup ||M(t)||E3). 

te[-T,T] te[-T,T] 
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Proposition 14. II follows by standard energy estimates (see [8]), since 

||0||l- + ||5.0|U^ < ||0||e3. 

To prove Theorem 11.11 (a), by scaling we may assume that 

||0||ei < £o < 1. (4.2) 

The uniqueness part of Theorem 11.11 (a) follows from Proposition 14. 1[ For global 
existence, in view of the conservation laws (11.41) . we only need to construct the 
solution on the time interval [—1,1]. In view of Proposition 14. H it suffices to 
prove that if T e (0,1] and u e C([-T,T] : E°°) is a solution of (glD with 
II^IIei < £^0 < 1 then 

sup h(t)||E3<||0||E3. (4.3) 

te[-T,T] 

We ffist use a continuity argument to establish an bound on u in the interval 
[— T, T]. By taking a = 1, it follows from Proposition 13.21 (a). Proposition 13.31 
(a), and Proposition 13.41 that for any T' G [0,T] we have 



|m||fi(t') ^ ||m||bi(t') + \\dx{u 



2^ 



Ini(t'); 



I|5x(«^)||nmt')<II«II^i(T')' (4-4) 
We denote X(T') = ||u||bi(t') + ||c^x(^i^) ||ni(t') and eliminate ||^i||Fi(T') to obtain 

x{Tr<u\\i,+x{Tr+x{Tr. (4.5) 

Assuming that X(T') is continuous and satisfies 

hmX(T')< ||</.||ei (4.6) 
if £0 is sufficiently small, we would conclude that X(T') < ||0||ei- Using (14. 4p . 

\\u\\fht) < ||0||ei, (4.7) 

To obtain (14. 6 p and the continuity of X{T') we ffist observe that for u G 
C{[—T,T] : E°°) the mapping T' —>■ ||^^||Bi(r') is increasing and continuous on the 
interval [— T, T] and 

hmJ|M||Bi(T') < ||0||ei- 

The similar properties of ||5x.(m^) ||Ni(r') are obtained by applying the following 
lemma to f = dx{u^)- 

Lemma 4.2. Assume T G (0, 1] and v G C([— T, T] : E°°). Then the mapping 
T' — > II'^IIni(t') is increasing and continuous on the interval [0,T] and 

lim llt'llNirrn = 0. (4.8) 
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Proof of Lemma \4.S\ In view of the definitions and (12.211) . 

MIni(t') < /i) ■ ■ lhT',T'](t))||L2 < sup Mt)\y- (4.9) 

te[-T',T'] 

The hmit in (14. 8 p follows. It remains to prove the continuity of the mapping 
T' ||'y||Ni(T') at some point Tq G (0,T]. We fix e > 0. Let Dj.{y){x,y,t) = 
v{x,y,t/r), r G [1/2,2]. Using (14 91) we have 

II^IInI(T') - II^T'/T'(f)||Ni(T') ^ sup \\v{t) - Dy'/T,^ (^^) W || Ei < ^, 

te[~T',T'] 

for any T' G (0,T] sufficiently close to Tq. Also, using the definitions 

lim ||L>^(t;)||Ni(rT^) = ||^^||ni(t,5), 

which completes the proof of the lemma. □ 

To prove (14.31) we combine again Proposition 13.21 (a). Proposition 13.31 (a), and 
Proposition 13.41 with a = 2, 3 to conclude that 

IkllF-(T) < II^IIb-(T) + \\dx{u'^)\\N<^(T)] 

||5x(m^)||n-(t) < I|m||fi(t) ■ IhllF-(T); (4.10) 

Iklll-(r) ^ II^IIe- + ll«llFi(r) ■ Iklll- 

Using (113) and (021), it follows that 

lkllF^(r)<||0||E<^for(TG{2,3}. (4.11) 

Then the inequality (14. 3 p follows from Lemma 13. 1[ 

We prove now Theorem ll.il (b). Assume G is fixed, 

{0„ : n G Z+} C E°° and hm 0„ = in 



It suffices to prove that the sequence S'f?(0„) G C([— T, T] : E°°) is a Cauchy 
sequence in C{[—T,T] : E^). By scaling, we may assume 

||0||ei < < 1 and ||0„||ei < < 1 for any n G Z+. (4.12) 

Using the conservation laws (ll.4p it suffices to prove that for any 6 > there is 
Ms such that 

sup \\S°°{(j)m){t) - S°°{(f)n){t)\\-Ei < S foT any m,n> Ms. (4.13) 
ie[-i,i] 



For K eZ^ let 

We show first that for any K G Z+ there is Ms^k such that 



sup \\S°^{<Pl){t) - 5°°(0^)(t)||Ei < 5 for any m,n > M,,^. (4.14) 

iG[-l,l] 
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Using Theorem 11.11 (a) 

sup ||5°°(0^)||eio < C{K) for any n G Z+. 

te[-i,i] 

Standard energy estimates for the difference equation show that 



sup \\S^{<P^m - < C'{K) 



and fHTTlD follows. 

We show now that for any 6 > there are K G Z+ and Mg such that 

sup ||5°°(0„)(t) - )(t)||Ei < S for any n > Ms. (4.15) 

te[-i,i] 

The main bound fl4.13p would follow from (14.140 and (I4.15p . To prove fl4.15p 
we need to estimate differences of solutions. We summarize our main result in 
Proposition 14.31 below. The bound fl4.15l) follows from fl4.17p and Lemma 13.11 

sup - )(t)||Ei < - )(t)||pi(i) 

tG[-l,l] 

< ll0-0n||Ei + ||0-^<i^0||El- 

Proposition 4.3. Let ui,U2 G F-'^(l) be solutions to (11.10 with initial data 
01,02 £ E°° satisfying 



Then 
and 



||0i||ei + ||02||ei < £o < 1, 01 - 02 e E°. 



kl - WsllpO^y < 1101 - 0211^0, (4.16) 



11^1 - ^2||f1(1) ~ W'Pl - </'2||e1 + II (/'I II E2 1101 - <f)2\\^o (4.17) 

Proof of Proposition \4 ■ 3\ The difference v = U2 ~ ui solves the equation 

dtv + dlv - d-^dlv = -d^[v{ui + U2)/2]; 
v{0) = = 02 - 01. 

By ( 14. 7p we can bound 

I|mi||f1(1) + lk2||Fi(l) < £o- (4.19) 

By Proposition 13.21 (blR. Proposition 13.31 (b). and Proposition 13.51 we obtain 

I^IIf«(i) ~ II^IIb"{i) + ll^^[^(«i + «2)/2]||j^(^); 

\d^[v{ui + M2)/2]||j;j0^^^ < ||w||pO(^^(||Mi||Fi(l) + ||m2||fi(1)); 

I^IIh"(i) ~ ll'^lli' + II^II|^(i)(II"iIIfmi) + lk2||Fi(i))- 

^Clearly, d4v{ui + U2)/2] e N°(l) since d4v{ui + U2)/2] £ 1] : e"). 
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Combining this with f l4.19p we obtain the estimate f l4.16p . 

To prove fl4.17p we first use Proposition 13.21 (a) and Proposition 13.31 (a) to 
obtain 

II^IIfi(i) < II^IIbi(i) + \\dx[v{ui + U2)/2]||n1(i); 

+ U2)/2]||n1(1) < ||t^||Fi(l) ■ (II«i||fi(i) + IMf^i))- 

Since ||P<o(t^)||Bi(i) = II^<o(0)||ei, it follows from (|4A9|) that 

II^I|fhi)<II^>i(^)IIbhi) + II</'IIei (4.20) 
By f l4.16p and (14. lip , for fl4.17p it remains to prove the estimate 

II^>iMIIbi(i) < II^IIei + IkillF^(i) ■ II^IIi^(i)(II^>iMIIbmi) + UM- (4.21) 

In view of the definitions, 

\\P>i{v)\\bhi) ^ I|P>i(5.^)IIb«(i) + \\P>iid-'dyv)\y^^^. (4.22) 
Using (14.181) we write the equation for Ui = P>-io{dxv) in the form 
^tU^ + dlU^ - d-'d^yU, = P>_io(-U2 ■ d,U,) + P>-io(Gi); 

f/l(0) =P>_io(9,0), 

where 

Gi = - P>-io(w2) • dlP<^i,{v) - P<-n{u2) ■ dlP<.n{v) 
- d^v ■ d^{ui +U2)-v- dlui. 

It follows from Proposition 13.61 (with h = — P<-ii(m2) " 9'^P<-u{'^)) th^it 

\\P>-10id.v)r-.^^^ < Wd^M'^ + ||«2||F^(l)||P>-10(5.t^)||j0(^^ 



'^•^i|If«(1) + ll'9:rM2|lF«(l) 



+ ||p>-io(5x^^) 11^(1) • II^IIf«(i) ■ \\dluiy\iy 

Using gUD and fICTD . it follows that 

\\p>-io{d.v)r-o < ml. + eo{\\PMv)\\iHi) + mi^) 

^ 4.23 
+ (||i^>l(^^)l|Bi(l) + ||0|| eO ■ II'"IIf''(i) ■ II'"iIIf2(i)- 

Using fl4.18p we write the equation for U2 = P>-io{d^^dyv) in the form 

dtU2 + dlU2 - d-^dlU2 = P>-io(-W2 • d^U2) + P>-ioG'2; 
f/2(O)=P>-io(9-^9,0), 

where 

G2 = - P>-io(^i2) ■ d.^P<^ii{d~^dyv) - P<-u{u2) ■ d^P<^ii{d~^dyv) - v ■ dyUi. 



(4.24) 
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It follows from Proposition 13.61 (with h = —P<-ii{u2) ■ dxP<-ii{d~^ dyv)) that 
\\P>-io{d-.'dyv)\?^^,^ < l|i^>-io(O.0)ll^ + IMfhdHU^,) 

Using (14191) and Km . it follows that 

\\p>-io{d-%v)f-o^^^ < ml. + .o(iip>i(^^)iiii(i) + 

+ (||p>i(^)||bi{i) + II^IIeO ■ II^Md) ■ Ikillp^d). 

We add up K23\f and KMf and use (g^l. The bound (lOB follows. □ 

5. BILINEAR ESTIMATES 
For A; e Z and /, j G M let 

Dfc,;,, = {(e,/i,r): ee/fc, |/i|<2', |r-^(e,/i)|<2^}, 

and let -Dfc.ooj = ^iezDk,i,j- 

Lemma 5.1. (a) Assume ki, k2, € Z, ji,j2,j3 G Z_|_, anc? : R'^ — R+ are 
functions supported in Dk^^ooj,, = 1, 2, 3. // 

max(ji, j2, js) <ki + k2 + h-2Q (5.1) 

' (/l * /2) ■ h < 2(^-^+^-^+^3)/2 . 2-(fcl+'=2+fe3)/2 . ||/i||^,||/2||^.||/3||^.. (5.2) 



(h)Assume fci, /c2, ^3 £ Z, /i, I2, 13 G Z, ji, j2, Ja G Z+, anc? /j : ^ IR+ are 
functions supported in Dk^^iij^, i = 1,2,3. Then 

Proof of Lemma \5.1[ Part (b) follows easily from the Minkowski inequality. Part 
(a) is proved also in [H] ; we reproduce the proof here for the sake of completeness. 
We observe that 

(/i * /2) • /a = / ill * /a) ■ /2 = / ih * /a) ■ /i, (5.4) 

where /i(^, /i, r) = /«(— ^, — /U, — r), i = 1,2. In view of the symmetry of (15. 2p we 
may assume 

Ja = max(ji, ja, ja)- (5.5) 
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We define /f(e,/x,^) = M^, fi,9 + u;{^, fi)), i = 1,2,3, H/flU^ = m^^. We 
rewrite the left-hand side of (15. 2p in the form 

/f(ei,/il,^l)-/2*(6,/^2,^2) 

(5.6) 

X ftiii + 6, /^i + /^2, 0i + 92 + ^{{ii, yUi), (6, /^2))) d^id^2df^idpL2d9ide2, 
where 



(5.7) 

ei + e2L^'"^^ ' '"^^^ J- 

The functions /* are supported in the sets {^,fi,9) : C, G /fc., /i G M, |^^| < 2-^*}. 

We will prove that if Qi : M."^ —>■ M+ are functions supported in J^^ x M, 
i = 1,2, and function supported in /fc x M x [—2-' , 2-'], 

j < ki + k2 + k — 15, then 

9ii^i, yLn)-5'2(6, /^2) ■ gi^i + 6, yUi + /^2, ^^((6, /^i), (6, /^2))) rf^lrf^2C?/il'i/i2 

(5.8) 

This suffices for (15. 2p . in view of (15.51) and (15. 6p . 

To prove (15.81) , we observ^ first that we may assume that the integral in the 
left-hand side of (15.81) is taken over the set 

= {(6,Aii,6,yU2) : 6 + 6 > and /ii/^i -[^2/^2 > 0}. 

Using the restriction j < ki + k2 + k — 15 and (15. 7p . we may assume also that the 
integral in the left-hand side of (15. 8p is taken over the set 

^++ = {(ei,/ii,6,/"2) e 7^++ : \V3{^,+^2)\ - l/^i/^i -/X2/6I < 2"^°|6 +61}- 
To summarize, it suffices to prove that 

/ 5^1(6, Ati)-5'2(6, /^2) ■ g{^i + 6, yUi + fJ'2, ^({Ci, yUi), (6, /^2))) d^id^2dfiidfi2 
Jn++ 

(5.9) 

We make the changes of variables 

fii = Vs^f + A^i and fi2 = -VS^I + [32^2, 



^There are four identical integrals of this type. 
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with dfiidfi2 = ^1^2 d(3id(32. The left-hand side of f l5.9p is bounded by 

X g{ii + 6, v^^i - ^3^2 + Piii + A), (6, /52))) d^,d^2df3,d(32, 

(5.10) 

where 

5 = {(6, A, 6, P2) : ^1 + 6 > and - /^al < 2-10(^1 + 6)}, (5.11) 

and 

mu A), (6, /52)) = 66(/5i - /52) (2v^ + . (5.12) 

We define the functions hi : M.^ ^ IR+ supported in Jjt. x M, -i = 1, 2, 

/ii(ei,/?i) = 2'=^/2.^i(ei,v^e? + A6); 

with ||/;.j||L2 ~ ||fi'i||L2- Thus, for (15. 8p it suffices to prove that 

2(fc.+..)/2 f /,,(^„/3,)-/.2(6,/52) 

X g{^i + 6, v^^i - v^e' + ^6 + /526, ^((^1, A), (6, /32))) di^di2dMI32 

(5.13) 

To prove (I5.13p . we may assume without loss of generality that 

ki < k2. (5.14) 

We make the change of variables Pi = P2 + P- In view of (15. lip . (15.120 . and 
the restriction on the support of g, we may assume |/?| < 2-'~'^i~'^2+4_ 'jj^^g^ the 
integral in the left-hand side of (15.130 is equal to 

2{/c.+fc.)/2 f hi{^i,P + P2)-h{^2,P2)-l[^l,l]{P/2^'''-''^') ,,,,, 

Js (5.15) 
X g{^, + 6, ^(6, 6, P) + P2{^i + 6), 5(6, 6, P)) d^,d^2dPdP2, 

where S = {(6, 6, /?2) G : 6 + 6 > and \P\ < 2-10(^1 + 6)}, and 

^(^1, 6, /5) = Vsei - v^el + P^i; .5 
5(ei,6,/5) = 66/3-(2v^ + /3/(6 + 6))- 

Let j' = j — ki — k2 + 4: and decompose, for i = 1, 2, 

h^{e,P') = ^*(^''^') ■ i[o,i)(/^V2^" - = E ^r(r,/5')- 

mgZ mGZ 
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The expression in f lS.lSp is dominated by 

(5.17) 

Also, for z = 1, 2, 

\ML^ = [J2\\hT\\h]. 

Thus, to prove (15.131) . we may assume hi = and /12 = h^' for some fixed 
m,m' E with \m — m'\ < 4. To summarize, it suffices to prove that if Fj : — »• 
[0, 00) are functions supported in Jfc. x R, 51 is as before, and m G Z then 

2(k,+k,)/2 /Fi(ei,/? + /?2) ■F2(e2,/92) ■ l[^-l,m+l](/52/2^") 

X (^(6 + 6,^(6,6,/5) + /52(6 + 6),i?(ei,6,/3))«2C^W2 ^^-^^^ 

To prove (15.181) we use the Minkowski inequahty in the variables (6, 6,/?): with 

S' = m,^2,P) G : 6 G 4„ 6 + 6 > 0, < 2-10(^1+^2)}, 
the left-hand side of (I5.18P is dominated by 

C20'^+k,)/2 f ij^_,_^^y(/32/2^"). ( / \Fii^uP + P2)-F,i^2,P2)\'d^id^2dpY' 
Ju ^ Js' ' 

X ( ^ \9{ii + 6, ^(6, 6, /3) + /?2(ei + 6), s(6, 6, /?))!' di5^. 

(5.19) 

For (I5.18p . it is easy to see that it suffices to prove that 

1/2 

(5.20) 

for any G M. Indeed, assuming ( ]5.20p . we can bound the expression in ( 15.19^ 

by 

C2^M.)I2 f ij^_^_^^y(;32/2i').||Fi|U2||F2(.,/32)|U| ■2-('=i+'=^+'=)/2||^||^.d/32, 

which suffices since 2J'/22(fci+fc2)/2 ^ 2^/2. 

Finally, to prove (15.201) . we may assume first that P2 = 0. We examine (I5.16P 
and make the change of variable P = + ^2) ■ ^- The left-hand side of (I5.20p 



\g{ii + 6, ^(ei, 6, /?) + mi + 6), 5(^1, 6, /5)) r c^ei(i6c?/3 



GLOBAL WELL-POSEDNESS OF THE KP-I EQUATION 

is dominated by 

J S 
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1/2 

(5.21) 



where S" = z^) G : g 4^, \u\ < 2-^^}. We define the function 

hi^,x,y) = 2''^-\g{^,V3^-x,3^-y)\', 
so ||/i|||Li ~ 1 1 5' Ilia- The expression in fl5.2ip is dominated by 

C2-^'/2( f \h{^, + ^2,^1 - 6 + ^^^1,^16 ■ 1^(2 + u))\d^,d^,duy\ 

Therefore, it remains to prove that 

/ Hii + 6,^1 - 6 + <i,U2 ■ y{2 + v))\diidi2dv < 2-^'^+'^^\\h\\Li 
Js" 

for any function h G L^(M'^). This is clear since the absolute value of the deter- 
minant of the change of variables (^i, ^2,1^) [6 + ^2,^1-^2 + ^ii-, 66 • ^{2 + 1^)] 
is equal to (2 + z/)|6| ■ |6(2 + z/) + ^ 2'=!+'=^ see dEH and the definition of 
the set S". □ 

Lemma 5.2. Assume ki,k2,k3 G Z, ji,j2,j3 ^ o'^'C? /j : M'^ ^ M+ are 
functions supported in Dj^.^^j., i = 1,2,3. Then 

[ ifl * f2) ■ h < 2(^-^+^-^+^3)/2 . 2-maxO„i„,3)/2 . || || || || || || . (5.22) 

Proof. Using the symmetry fl5.4p . we may assume js = max(ji, ^2, Js)- Then 
(/i * /2) ■ /s < Wfsh- • ll/l * /2|U^ < ||/3||lHI-^"'(/i)IIl^II-^"'(/2)IU4- 

i 

We use the scale- invariant Strichartz estimate of 



(5.23) 



for any G L^(R^). With 2 = 1,2, defined as in the proof of Lemma [5.11 we 
estimate 



/i(6 /X, r) ■ e*^-«e^^-'^e** " did^dr 



r4 



d^dfidO 



r4 



<2^'l^f*{i,^^MW. 
which gives fl5.22p . 



□ 
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As a consequence of Lemma 15.11 and Lemma I5.2[ we have the following 
bilinear estimates. 

Corollary 5.3. (a) Assume ki,k2,k G Z, ji,j2,j G Z_|_, and /j : M'^ ^ M+ are 
LF' functions supported in Dk^^ooji, i = 1,2. Then 

(5.24) 

(b) Assume ki,k2,k G Z, ji,j2,j G anc? /j : M'^ ^ M+ are functions 
supported in Dki,oo,ji, i = 1,2. If ki < 100 then 

I|1d,,^,/(/i*/2)IIl^ < 2l'=^+'"''^('=^''=^''=)+'^^'^(^'^'^'^'^')l/2 (5.25) 
Ifki > -100 i/ien 

||1d.,^./(/i*/2)||l^ < 2[2'^^+-^"(^-'=-^)+-^"(^-^-^-)l/2-|b(ei,/xi)-/i||LHI^ (5.26) 

Proof of Corollary \5.3[ Part (a) follows from (15. 2p and (I5.22p . For part (b), recall 
(see (USD) that p{^,fi) = 1 + |yu|/(|^| + I^H- To prove flOSD we decompose 

00 

fi = fiM+ E /i,^i = /i- ^0(^^1/2'=^)+ E fi-xM- 

Using (15. 3p . the left-hand side of (I5.25P is dominated by 

00 00 

li=ki li=ki 
< 2[min(fc„fe,/c)+min0„i,,,)]/2||^^||^^ . 2''^/^p(^,, ^,,) ■ M^,, 

as desired. To prove (15.260 we decompose 

00 

/i = /i,2fc.+ E A,,, = /i-r/oW2''^)+ E f^-xM- 

«i=2fci+l il=2fci+l 

Using (15. 3p . the left-hand side of (I5.25P is dominated by 

00 00 

ii=2A;i li=2ki 
< 2[min{fc„fc.,fe)+minO„,.,,)]/2||^^||^^ . 2^=1 11^(^1, /^i) ■ M^^, 

as desired. □ 
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6. Energy estimates 

In this section we prove the energy estimates in Proposition 13.41 and Proposi- 
tion 13.61 To prove dyadic energy estimates we introduce a new Littlewood-Paley 
decomposition with smooth symbols. With 

Xfc(0=^o(e/2'^)-r/o(e/2'="'), keZ, 
let Pk denote the operator on L^(M^) defined by the Fourier multiplier fi, r) 
XkiO- By a slight abuse of notation, we also let Pk denote the operator on 
defined by the Fourier multiplier For / G Z let 

P<1 = Pk, P>1 = Pk- 

k<l k>l 

Assume that, for some G Z and u,v E C{[—T,T] : Ek) 



dtu + dl 

m(o) = i 



V on 



X 



-T,T); 



We multiply by u and integrate to conclude that 



sup \\u{tk)\\l2 < 
\tk\<T 



^2 + sup 

\tk\<T 



(6.1) 



(6.2) 



u ■ V dxdydt . 

To prove Proposition 13.41 and Proposition 13.61 we need to replace v by the 
corresponding bilinear expressions. Thus we need to estimate integrals of trilinear 
forms. However, instead of direct estimates we seek to take advantage of the 
special form of the nonlinearities. This allows us to place the derivative in the 
nonlinearity on the lowest frequency factor. We summarize the main dyadic 
estimates we need in Lemma 16.11 below. 

Lemma 6.1. (a) Assume T G (0,1], ki^k^^k^ G Z with max{A;i, A;2, /^s} > 0, 
and Ui G Fk^T), i = 1,2,3. Assume in addition that Ui G Fk^T) for some 
i G {1,2,3}. Then 

3 



/ 



x[0,T] 



U1U2U3 dxdydt 



(6.3) 



i=l 



(h) Assume T e (0,1], A; G Z+, A;i < A; - 10, u G F (T), andv G Fk,{T). Then 



Pk{u)Pk{dxU ■ Pki{v)) dxdydt 



R2 X [0,T] 



< 2^=1/21 



E 



l^'--(")ll|'.,(T)' 



|fc'-fc|<10 



(6.4) 

Proof of Lemma 1 6. 1\ For part (a), we may assume that ki < k2 < k^. In order 
for the integral to be nontrivial we must also have 1^2 — ^3! < 4. The integral 
in the left-hand side of (16. 3p converges absolutely, since one of the factors is in 
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FkiT), thus bounded. We fix extensions Ui G F^. such that ^ '^WuiUp^ (t), 

i = 1,2, 3. Let 7 : M — s> [0, 1] denote a smooth function supported in [—1, 1] with 
the property that 

7^(x - n) = 1, X G M. 
The left-hand side of f l6.3p is dominated by 
(l-(2'=-«-n)l[„,T|(«)5,) 



E I 

|n|<C2*=3 



(6.5) 



To estimate the integrals in fl6.5p we observe that, in view of f l5.24p . if ki,k2,k^ G 

fki e Xfc., 



Lfc,. , « = 1,2,3, and |m| < 1 then 



X f fii,Ti) d^dfidrd^idfiidTi 



< Q _|_ 2'^'i+fc2+fc3A-l/2-Q 



(6.6) 



where 11 = ||/i|UfcJ|/2|UfcJ|/3|Ufc3- In addition, as in ([22]), if / C R is an 
interval, k & Z, fk E Xk, and fl = jF(l/(t) ■ J-'~^{fk)) then 

sup 2^/'\\vAr-^i^,f^))-M\\L-<\\fk\\x,. 

Thus, using (15.241) again, if ki, fcg, k^ G Z, /^^ e X^,, i = I, 2, 3, Jj C M, z = 1, 2, 3, 
are intervals, and |m| < 1 then 

/ / m(e,ei)-/3^(-e,-/^,-r)/2'^(^-^i,/x-/ii,r-ri) 

JlR3 JR3 

(6, /^i, ri) d^di^drd^.dfi.dn I < (1 + 2^^+'^^+^^^)-V2 niax(l, fci, ^2, A;3)'n. 

(6.7) 

We apply now the bound (16.70 up to 4 times (for the integers n for which 
'y{2^'H — n)l[o,T](^) 7^ 7(2^^ — n)) and the bound (16. 6p about 2^» times to bound 
the sum in (16.50 by the right-hand side of (16. 3p (using also (12.50 ). This completes 
the proof of part (a). 

For part (b), we observe first that the expression in the left-hand side of (16. 4p 
is dominated by 



C 



Pk{u) ■ Pk{dxu) ■ Pkiiv) dxdydt 



IR2x[0,T] 



c 



2 X [o,r] 



Pk{u) ■ [Pk{dxU ■ Pk^v)) - Pk{dxu) ■ PkA'")] dxdydt 
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We integrate by parts and use (16. 3p to conclude that 

/ h{u) ■ Pkid^u) ■ PM dxdydt < 2^i/2||p^^(^)|| . ||p^(„)||2 

jR2x[0,T] ^ ^ ' 

(6.9) 

which suffices for (16.41) . 

To control the term in the second line of (16. 8p we fix extensions u of u and v 
of V and use the formula 

= C J^{PkA9xv)){ii, lii,Ti) ■ J^{u){i - 6, At - - n) ■ rn{i,ii) d^idfiidn, 

(6.10) 

where 

I (^-^i)(Xfc(0 -Xfc(^-6)) < fc c\ 

|A:'-fc|<4 

The bound (16. 4p follows by decomposing the integral in the second line of (16. 8p 
into at most (72^^ integrals over time- intervals of length ^ (as in (16.50 ). 
and using the formula (I6.10p and the bounds (16.60 and (16. 7p to bound these 
integrals. □ 



We prove now Proposition 13.41 and Proposition [3l 



(6.11) 



Proof of Proposition 3.4 Recall that u solves the initial- value problem 

'dtu + dlu - d-^d^u + 9^.(mV2) = on x [-T, T]; 
m(0) = 0. 

We observe that 

I|w|Ib-{t) - ll^<o(0)|||- 

<J2 sup (22'^'=l|P,(«(4))||2, + 2M^||P,(5-i9,«(4))||iO. ^6.12) 
Therefore it suffices to prove that for a G {1, 2, 3} 

V sup 2'-'\\Pk{u{h))\\h + y2 sup 2^'^-''>'\\Pkid;%u{hmi.) 

< II0III. + ||m||fi(T) ■ ||m||f.(t)- 
We show first that 

sup 2'^'\\P,{uih))\\l, - 2''^'\\Pkmh < \Mfht) ■ \\u\\l.^Ty (6-14) 
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For /c G Z+ we use (16 .2^ and the equation (16.111) to estimate the increment 



-)2o-A: 



M2x[0,ifc] 



Pk{u)Pk{u ■ dxu) dxdydt 



The right-hand side of ( 16.15^ is dominated by 



(6.15) 



u) dxdydt 



^ / (m) • Pfci(M) ■ d^Pk^iu) dxdydt 



Using ( 16. 4p . the sum in the first hne of ( 16.16^ is dominated by 



(6.16) 



\k'-k\<10 



Using (16. 3p . the sum in the second hne of (16.161) is dominated by 



C2^.k ^ 2^^''\\P,{u) b^(^) IIP,, {u) IIP,, {u) b 

fci-fe|<10,fc2<fc + 10 

^^^2ak J2 2'=^-'=/2||P^(M)b^(y)||P,,(«)|b, ,^,\\P,Ju 

fcl>fc+10,|fc2-fcl|<10 

<||«||fi(t)- Y1 ^'^"'WMu 

\k'-k\<20 



fciNII:F,,(T)lKfc2NllF,2(T) 



|^,(^) + 2'=/^l|P,(u)b^(^)-||n||^. 



(T)- 



The bound (16.141) follows. 

We show now that 

J2 sup 2('--''>''\\P,{d-'dyu{t,mh-2('^-'^'^^^^^ 

fe>o*fce[-T,r] (g^^7) 

^ l|w||Fi(r) ■ ||m||f^(t)- 



For k eIj^ and G [— T, T] we use ( 16. 2p and the the equation f l6.1ip to estimate 
the increment 



2^'-'^'\\P,{d-%u{t,))\\l, - 2^^'^-^)^\\P,{d-^dycp)\\y 



< 2{'i(T-2)k 



R2x[0,tfc] 



Pk{.d^ ^dyU)Pk{u • dyu) dxdydt 



(6.18) 
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The right-hand side of fl6.18p is dominated by 

^^(2a-2)k J2 \[ Pk{v)-Pk{PkM)-d.v)dxdydt 

(6.19) 



fci>fc-9,fc2GZ 



where v = ^dyU. Using (16.4p . the sum in the first hne of ( I6.19P is dominated 
by 



C||«||f.(t)- V 2^''^-'^''\\P,,{d-'d,u 



fc'-fc|<10 



Using fl6.3p . the sum in the second hne of (16.191) is dominated by 

C^S^^--^)'^ 2'=^/2||P,(^)||^^(^)||i5,^(n)b^^(^)||P,^(.;)|b^^(^) 

|A:i-A:|<10,fc2<A:+10 

+ C2(2-2). ^ 2^-'=/lP^(.;)b^(^)||P,,(«)b^.^(^)||P,,(^;)b^^(^) 

A;i>fc+10,|fc2-fei|<10 

< ||n||pi(^) ■ 2^'^''ll^A''Wlli(T) + ^^2'=/lP^(n)||^,(^) ■ 

|fc'-fc|<20 

The bound (16.171) follows, which completes the proof of Proposition 13.41 □ 
Proof of Proposition l37U Recall that u = P>_io(u) solves the equation 

3 

dtu + dlu - d^^d^u = P>^io{v ■ d^u) + Yl P>-io{wm ■ w'^) + P>_io(/i); 

m=l 

,n(O)=0, 

(6.20) 

on X (— T, T). It suffices to prove that 

Y sup {\\Pk{u{hmh - \\p,mi^) 

fc>0 t,&[-T,T] 

3 (6.21) 

^ II^IIfI(T) • + Yl II^^M(T)ll^™llF*'(T)ll^mM(T)- 

m=l 
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Using f l6.2p and the equation f l6.20p . for A; > 



linW4))lli.-l|p.(0)lli.< 



R2x[0,tfc] 



Pk{u) ■ Pk{P<k-io{v) ■ dxu) dxdydt 



+ 



R2x[0,tfe] 



Pk{u) ■ dxU ■ P>k-9{v) dxdydt 



(6.22) 



+ E 

m=l 



■x[0,tk] 



Pliu) ■ Wm ■ w'^ dxdydt 



We observe that the term P>„io(/i) plays no role in the proof of fl6.2ip (this term 
is needed, however, to prove the bounds (I4.23P and ( I4.24p ). 
Using (El, 



k>0 

Using (E3D, 



R2x[0,tfe] 



Pk{u) ■ Pk{P<k-io{v) ■ d^u) dxdydt < ||t;||Fi(T) 11^^ 



|2 



Pkiu) ■ d^u ■ P>k-9{v) dxdydt 



< 



E E E 



P|(m) ■ dxPk^{u) ■ Pk^iv) dxdydt 



k>0 k2>k-9 ki<k2+20 >^K2x[0,tft] 

k>0 k2>k~9 fci<fc2+20 
^ Ikllpimlklll^- 

Using fl6.3p . with /cmed = k + ki + k2 - min(A;, ki, k2) - max(A;, fci, ^2), ^max = 
max(A;, /ci, ^2) 



E 



fc>0 ' -^IK'xIO.tfel 



Pk{u) ■ uim ■ w'm dxdydt 



< 



E 



^fc (m) • Pkr{wm) ■ Pk^iw'm) dxdydt 



< E 2---('='^^''=^)/lP^(n)b^(^)||P,,(t.Jb^^(^)||P,,(<)b 

|<10 



This last inequality uses the fact that, for any f G F (T), 



J22-'/^Pk{v)y^^^^ < 



fcGZ 
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which is the main reason for the low-frequency condition on functions in F . 
The main bound fl6.2ip follows, which completes the proof of the proposition. 

□ 



7. Dyadic bilinear estimates, I 

In this section we prove several dyadic bounds which are used in the proof of 
Proposition 13.31 (a). We estimate first Low x High — > High interactions. 

Lemma 7.1. Assume k,ki,k2 G Z, /ci < k2, ki < 0, k > 0, \k2 — k\ < 40, 

Ukj^ G -Ffc^ and ^ . Then 

\\Pk{d^{Uk^VkM\N^ ^ 2^' ■ hkAp^^ ■ ll^fcallFfc^- (7-1) 



Proof of Lemma 7.1\ Using the definitions and (12.211) . the left-hand side of (17. ip 
is dominated by 

C sup /i)(r - cu(e, fx) + t2')-' ■ 

Let /fc, = J^[uk^ -r]o{2''(t-tk))] and fk^ = J^lvk^ ■ r]o{2''(t -tk))]. Using the bounds 
(12. 4p and (I2.2ip . it suffices to prove that if ji,j2 > k, and /fc-j. : R'^ IR+ are 
supported in -Dfc-,ooji, = 1,2, then 

2'J2^-^^^lo,^^^^-p{^,ti) ■ Uk,,n * h.,n)\W 

j>k (7.2) 

< 2'^ ■ 2^-^/lp(6,/ii) ■ fk,,n\\L^ ■ 2^'/^pi^2, fi2) ■ fk,,,\W. 



(7.3) 



Since j,ji,j2 > k it suffices to prove the product estimate 
Using the obvious bound 

< i6iierM6,/"i) +p(6,/i2), (7.4) 

this is a consequence the estimates 

■ Uk.,n * h.,rML^ < 2'=^/2+'=^2-''^(^-^'^-^)/l/,,,JU2|b(6,/i2)/..,JU^, 

and 

■ ifk.,n * fk.,n)\\L^ < ■ 2-''^(^-^-^)/2|b(6,/ii)/fc.,J|L^ ■ \\fk,,n\\L^, 
which follow from (15.260 and (I5.25P repectively. □ 
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Lemma 7.2. Assume k,ki,k2 G Z, /ci < k2, ki > 0, k > 0, \k2 — k\ < 40, 

Ufci G Fk-^ , and Vk^ G F^^ ■ Then 

\\Pk{d.{u^,vuMN, < {l + k,)2~'^'^-\Mp^^ ■ Wvar,^. (7.5) 

Proof of Lemma \7. S\ As in the proof of Lemma EH using the definitions and the 
bounds (12.41) and (I2.2ip . it suffices to prove that if ji, j2 > k and /fc-j. : IR+ 
are supported in Dk-^^oji, ^ = 1,2, then 

2'^^2-^/2||l^^_^_^.p(e,/i) ■(/,,,,*/,, 

j>k (7.6) 
< (1 + k^)2-''^/' ■ 2^-^/1p(6,/xi) ■ /,,,JU. ■ 2^V2||p(^^^^^) . 

Since j,ji,j2 > fc, the large modulations j > k + 4A;i in the output are controlled 
by the product estimate 

In this case we have 

p(e,/^) < leiHerMei,/^!) +p(6,/i2). (r.s) 

Hence (17.71) is a consequence of the estimates 

■ i^un * h2,j2)\\L^ < 2'=^/^+'=^2-''^(^-^-^)/2||/,,,JU.||p(6,/i2)/fc.,J|L^ 

and 

■ ih^,n * h2,n)\\L^ < 23'^^/^2--(^-^-^)/2|b(ei,/ii)/fc,,JU^ ■ ||/te,.|U^, 

which follow from (15.261) . 

It remains to estimate the small modulations k < j < k + 4ki in the output. 
There are about 1 + ki possible values for j, therefore we need to prove that 



k,oo,j 



(7 9) 

< 2-'^/'-' ■ 2(^-+^-^+^-^)/2|b(ei,/il) ■ f,„,A\L^ ■ lb(6,/^2) ■ /fe,JlL- ^ ■ ' 

We observe that 

^ - tV ^ i^ip + \mnmci,f^i), (6,/x2))i 



6 e 



which leads to 



^ < ^ + 161 + ieii^ier'i^^((6,^i), (e2,^2))^/^ (r.io) 

141 I42| 

therefore 

/i) < P(6, /^2) + 2'=i/22-2fc22max(iij2,i)/2_ (^^^^^ 
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We eliminate the expression on the left using (17.111) . neglecting the re- 

maining factors on the right. Then it suffices to show that 

and 

Both these estimates follow from (15.241) . □ 

We estimate now High x High Low interactions. Let 7 : M ^ [0, 1] denote a 
smooth function supported in [—1, 1] with the property that J2mGZ I'^i.x—m) = 1, 
X G M. 

Lemma 7.3. Assume k, ki, ^2 G \ki — ^2! < 4, < min(fci, k2) — 30, Uki € 
Ffcj , and G ■ Then 

\\Pk{d.{uu,v,MN, < k,2'-^-'^'^ ■ ■ \\vaF,^. (7.12) 

Proof of Lemma \7. 3\ Using the definitions and (12.211) . the left-hand side of (I7.12p 
is dominated by 

C sup ||p(e, /x)(r - ui^, /x) + i2'r' ■ 2'=1,,(0 ■ ^ 

J^[ukM^Ht - 4))7(2'Ht - tk) - m)]*J^[vkM'^Ht - 4))7(2'Ht - 4) - m)] 

Using the definitions and the bounds (12.41) and (12.211) . it suffices to prove that if 
ji,j2 > k2, and fk^j^ : ^ IR+ are supported in -Dfc,,ooj,, ^ = 1,2, then 

j>k (7.13) 

Due to the rough estimate 

the bound (I7.13P follows from (I5.24p in the region for j/2 > 2^2 — k/2. Therefore 
it remains to prove that 



We now seek to improve (17.141) . We observe that 

< I6p + ier'i^^((6,/ii),(e2,/i2))i, 



2 

6 ^ 
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which leads to 

< + 161 + i^r'^'imuf^i), (6,^2))i, (7.16) 

therefore 

Thus (17.151) follows from the bounds 
and 

WWo.. ■ ihun * h.,n)\\L^ < 2^'^'^^^'^^'-'^-''^'''''^'^^^^ (7.18) 
both of which are consequences of fl5.24p . □ 

Lemma 7.4. Assume that ki,k2 G Z+, \ki — < 4, G Z H (— oo,0], k < 
min(A;i, ^2) — 30, Uk^ G F^-^, and Vk^ G Fk^- Then 

\\Pkid^A^^,,VkMN, < - k)2^-^^l^ . WukAW^ . Mf,,^. (7.19) 

Proof of Lemma \7.4\ As in the proof of Lemma [773| using the definitions and the 
bounds (12.4P and (]2.2ip . it suffices to prove that if ji, j2 > ^2, and /fc-j. : — > IR+ 
are supported in D^-^ooji, = 1,2, then 

j>o (7.20) 
< ik2 - k)2'^-^'l' . 2^-^/lp(a,/x0 ■ /fc,,,JU. ■ 2^V2||p(^^^^^) . 

Instead of (I7.14p we now have 

p(e, /i) < 2''=^-^p(ei, /ii) + P(6, ^^2)) (7.21) 

which shows that the bound (17.131) follows from (I5.24p for j/2 > 2k2 — k/2. 
Therefore it remains to prove that 

< 2-^/2 . 2^'^/lp(ei,/xi) ■ /fc„,JU2 . 2^V2||p(^^^^^) . 
We still have (I7.16p . but now this leads to 

P(e,/^) < + 2-'/'2^^<^^'^-'^^/' 

Then fTT^ reduces to dTTT]) and (TTTg]) . which follow as before from ([521. □ 

Finally, we estimate low-frequency interactions. 
Lemma 7.5. Assume k, ki,k2 G (—00, 100] fl Z, Uk^ G F^j, and G F^j. T/ien 
||P.(a.(«,,t;,J)|U, < 2(^+'=^+'=^)/2 ■ ll^feJI^,^ ■ (7.23) 
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Proof of Lemma \7. 5\ As in the proof of Lemma EH using the definitions and the 
bounds (12 ■4p and fl2.2ip . it suffices to prove that if ji, j2 ^ ^+5 and fk^j^ : 
M+ are supported in D^.^ooji, = 1,2, then 

j>o (7.24) 
< 2^'^'^+''^^/' ■ 2^-^/2|b(ei,/ii) ■ fk^.AL^ ■ 2^-^/2|b(6,/i2) ■ fk,J\L^. 
We may assume that ki < k2 (which forces k < A;2 + 4). We use the simple bound 

Me,/") <2'=^-^(p(ei,/^i)+pfe,/i2)), 

and (Km . The bound (17:^ follows. □ 

8. Dyadic bilinear estimates, II 

In this section we prove several dyadic bounds which are used in the proof of 
Proposition 13.31 (b). We estimate first low- frequency interactions. 

Lemma 8.1. Assume k, ki, A;2 G Z fl (—00, 100], Uk^ G -F^^, and G Fk2- Then 

Proof of Lemma \8. 1[ Using the definitions and the bounds (12. 4p and (12.2ip . it 
suffices to prove that if ji, j2 G Z+, and fk^j^ : M+ are supported in Dk^^ooji, 

i = 1,2, then 

j>o (8.2) 

< 2''/'^'^^' ■ 2^-^/l/.,,JU. ■ 2^^/^pi^„ f^,) . /,,,JU.. 

This is a direct consequence of (15.251) . □ 

We estimate now High x High Low interactions. 

Lemma 8.2. Assume k,ki,k2 G Z, ki,k2 > max(A; — 10,20), u^^ G F^-^, and 
Vk2 G ■ Then 

||P.(9.(«.,t;.J)||^^ <2(3'=-3|'=l)/^. ||«,Jb^^ ■ Wvk.y,^. (8.3) 

Proof of Lemma \8. S[ As in the proof of Lemma [7[3l using the definitions and the 
bounds (12.41) and (12.211) . it suffices to prove that if ji, J2 > ^2, and /fc-j. : ]R_|_ 
are supported in Dk^^ooji, = 1,2, then 

2.2^.-., ^2-^-/2||i^^_^ ■ ifkun * fk.,n)\\L^ 

j>o (8.4) 

< 2(3'=-3l'=l)/^ . 2^^/^f,,,AL^ . 2^^/^pi^2, fi2) ■ fu.,n\\L^. 
Assume first that 

> 0. 
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Then, using f l5.24p . the left-hand side of (18.41) is dominated by 

which suffices for (18.41) . Assume now that 

A; < and + 2^2 > 0. (8.5) 
Then, using (15.24^ . the left-hand side of (18. 4p is dominated by 

which suffices for (18.41) in view of (18.51) . Finally, assume that 

k + 2k2<0 (8.6) 
Then, using ( I5.24p . the left-hand side of (18.41) is dominated by 

which suffices for (18.41) in view of (18.61) . □ 

Finally, we estimate Low x High High interactions. 

Lemma 8.3. Assume k, ki, k2 & 1^, k > 20, k2 < k — 10, — A;| < 4, u^^ G F^j^, 
and £ ■ Then 

\\Pk{dAvuMN, < 2'^ • Mt,^ ■ \Mf,^ tfk2 < 0, (8.7) 

and 

\\Pk{d^{uu,vuMN, < ^22-'^/' • \Mp^^ ■ \Mf,, ^fk2 > 1. (8.8) 

Proof of Lemma \8. 3[ As in the proof of Lemma EH using the definitions and the 
bounds (12. 4p and (I2.2ip . it suffices to prove that if ji, j2 > k, and /^.j^ : M+ 
are supported in D^.^ooji, = 1, 2, then 

2^5^2-^/2||l^^_.(/,^,^*/,,,J|U. 

j>k (8.9) 
< cik2) ■ 2^-^/l/,,,JU. ■ 2^^/^p{^2,ft2) ■ fk,,n\\L^. 

where c{k2) = 2^^^ for k2 < 0, respectively c{k2) = k22~^'^^'^ for k2 > 0. 

Consider first the case k2 < 0. Since j,ji,ji > k, the above bound is a direct 
consequence of ( I5.25p . 

If ^2 > 1 then the high modulation case j > k + 4/c2 is obtained directly from 
(I5.26p . Therefore it remains to prove that 

This follows from (15:241) . 

□ 
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Lemma 8.4. Assume k, ki, A;2 G Z, /c > 20, ki < k — 10 , \k — k2\ < 4, G Fk^, 
and G F^^ ■ Then 

\\Pk{d,{uk,VkMN, ^ 2-'=i/2^2 ■ IMIf^^ ■ \M\f,^- (8.11) 

Proof of Lemma \8.4\ As in the proof of Lemma [7!T| using the definitions and the 
bounds (12.41) and fl2.2ip . it suffices to prove that if ji, j2 > 0, and /^.j^ : ^ IR+ 
are supported in Dk^^ooji, = 1,2, then 

i>o (8.12) 
< 2-'^/'k, . 2^^/^f,,,,U. . 2^^/^p{^2, f^2) ■ fk,,n\\L^. 
Using (15.241) . the left-hand side of (I8.12p is dominated by 

2%-2-(2'=+'=^)/l/.,,JU.-||/.„,,|U., 
which suffices. □ 
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